MINIMAL DISKS BOUNDED BY THREE STRAIGHT LINES IN 
EUCLIDEAN SPACE AND TRINOIDS IN HYPERBOLIC SPACE 
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' Abstract. Following Riemann's idea, we prove the existence of a minimal disk in Euclidean 

space bounded by three lines in generic position and with three helicoidal ends of angles less 
than TT. In the case of general angles, we prove that there exist at most four such minimal disks, 
we give a sufficient condition of existence in terms of a system of three equations of degree 2, 
and we give explicit formulas for the Weierstrass data in terms of hypergeometric functions. 
Finally, we construct constant-mean-curvature-one trinoids in hyperbolic space by the method 
of the conjugate cousin immersion. 

Q 

^ ! 1. Introduction 

In this paper we investigate minimal disks in Euclidean space bounded by three straight 
lines in generic position (i.e. the lines do not intersect one another and do not lie in parallel 
^ , planes, in particular they are not pairwise parallel). This problem was investigated by Riemann 
\Q ' in his posthumous memoir [Rie68j. He actually introduced the spinor representation, the Gauss 
map and the Hopf differential of minimal surfaces in Euclidean space. He investigated the case 

• of minimal surfaces bounded by a contour composed of pieces of straight lines (possibly going 

O '. to infinity). He studied more precisely the cases where the contour is composed of 2, 3 or 4 
2 ' lines. 

:a 



However, his study was not complete and sometimes not precise; in particular, he did not 
deal with questions of orientations. The first aim of this paper is to complete Riemann's study 
of minimal surfaces bounded by three straight lines. More precisely we will investigate minimal 
immersions x from S = {z G C| Imz ^ 0} \ {0, 1} into M.^ mapping {—oo, 0), (0, 1) and (1, oo) 
onto three lines (in generic position) and having helicoidal ends (in the sense explained in 
^ . section at 0, 1 and oo. The method is to study the Weierstrass data of x and to use the 
spinor representation. 

We first prove that there exist at most four minimal immersions bounded by three given lines 
(in generic position) with helicoidal ends of given parameters f theorem 12 To do this, we use 
a result by Riemann: he proved that the spinor data satisfy a differential equation involving 
the Schwarzian derivative of the Gauss map. This is a second order equation with five regular 
singularities. Studying the behaviour of the Schwarzian derivative at these singular points, 
we prove that the Schwarzian derivative only depends on two parameters that are related by 
two polynomial equations of degree 2, and thus that there are at most four possiblities for the 
Schwarzian derivative of the Gauss map. 

We next study the explicit immersion given by Riemann in his memoir |Rie68j : he introduced 
spinors in terms of hypergeometric functions, but he did not check that they actually gave a 
minimal immersion bounded by given lines. We establish this fact in proposition |^ More 
precisely, given three lines in generic position, denoting by A, B, C the distances between the 
lines, and vra, 7r/5, 717 the angles of the ends (with signs as explained in section we prove 
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that to each real solution {p, q, r) (up to a sign) of the system 

- a^{p + q + rf = 
q^-f3\p + q + rf = 
r'^ — 'j'^ {p + q + = 

where e G {1, —1} (depending on the geometric configuration of the lines and on the angles) 
corresponds a minimal immersion (with possibly a singular point when the Hopf differential 
has a double zero, which is a non-generic situation) bounded by these lines and with helicoidal 
ends of parameters {A, a), {B,i3), (C, 7) (theorem ESI) • particular we prove the existence of 
at least one minimal immersion in the case where the angles are less than vr (corollary |^). 
However we do not know if we obtain all the solutions in this way. 

Figure H is a picture of a minimal surface bounded by three lines with helicoidal ends, drawn 
with the software "Evolver" . 




Figure 1. A minimal surface with three helicoidal ends. 

In the last part of this paper, we construct constant-mean-curvature-one (CMC-1) trinoids 
in hyperbolic space applying the conjugate cousin method to minimal disks bounded by 
three straight lines in M^. CMC-1 surfaces in are called Bryant surfaces. Bryant proved in 
|Bry87| that they are closely related to minimal surfaces in (see also |UY93j and Ros02j); in 
particular there exists a representation in terms of holomorphic data analogous to Weierstrass 
representation. 

Irreducible trinoids in were first classified by Umehara and Yamada in |U YOOj , and then 
by Bobenko, Pavlyukevich and Springborn in ^BPS02j . using different techniques: their method 
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has some similarities with that used in this paper to find minimal surfaces bounded by three lines 
in (they use a spinor representation for Bryant surfaces and they obtain explicit formulas in 
terms of hypergeometric functions). The technique of the conjugate cousin immersion was used 
by Karcher in [KarOlj to construct trinoids with dihedral symmetry. Here we use this technique 
to construct general irreducible trinoids with a symmetry plane (actually every irreducible 
trinoid has a symmetry plane by the classification of |UY00j ) . We also prove that the asymptotic 
boundary points of the ends of these trinoids are distinct (except in exceptionnal cases) (theorem 
EUj) . Finally we give examples of minimal disks bounded by three lines whose conjugate cousins 
are invariant by some parabolic isometrics. 

Acknowledgements. The author is grateful to Pascal Collin for his explainations on Rie- 
mann's memoir |Rie68j, and to Harold Rosenberg for submitting this problem and for discus- 
sions about this paper. 

2. Preliminaries 
In all this paper, we will set C = C U {oo}, M = M U {oo}, 

S = {2 G C| Im^ ^ 0} \ {0, 1}, So = {2 G < 1}, 

Si = {2 G S||^ - 1| < 1}, Soo = G Sll^l > 1}. 

The canonical scalar product of M'^ is denoted by < -, ■ >. If D is a straight line in M^, then 
D-^ denotes the set of unit vectors that are orthogonal to D. The canonical basis of will be 
denoted by (ei, 62, 63): 

ei = (1,0,0), 62 = (0,1,0), 63 = (0,0,1). 

We define the logarithm and non-integer powers on S in the following way. Let k G M. If 
z = pe*^ G S with p > and 9 G [0,7r], then Inz = In p + i9 and z'^ = p'^e^'^^. If z G S and 
z - 1 = pe*" with p > and 9 G [0,7r], then {z - 1)'' = p'^e*''^ and (1 - z)"^ = p'^e'''^^^"'^^ = 
g-jTTK^^ — I)'' (this convention is chosen in order that (1 — z)'^ is real when z is real and less 
than 1). 

Finally, V denotes the set of the triples of straight lines in M.^ that are neither pairwise 
concurrent, neither pairwise parallel, nor lying in parallel planes, modulo direct isometrics of 
M3. 

2.1. Weierstrass representation. In this section we recall basic facts about Weierstrass rep- 
resentation and we introduce some notations. 

Let iS be a Riemann surface with boundary, and x = {xi,X2,X3) : S M.^ a conformal 
minimal immersion. Then we have 

x(z) =x(zo) + Re [ ((l-/),2(l + /),2^?)a; 

J ZQ 

where Zq is a fixed point in S and {g, u) the Weierstrass data of x: g is a. meromorphic function 
on S and u a holomorphic 1-form on S. The poles of g are the zeros of u, and 2 is a pole of g of 
order k if and only if 2; is a zero of uj of order 2k. Conversely, if g and uj satisfy this condition, 
then they define a minimal immersion. 
We define X = (Xi, X2, X3) : 5 -> by 

X{z) = x{zo) + I ((1 - g^),i{l + (?'), 2g) u. 

J ZQ 

We have 

dxi + idx2 = UJ — g'^uj, dx^ = Re{2gu!). 
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The Gauss map of x is 

Visl' + i'IsP + i, 

The orientations induced on x{S) by the Gauss map N and the immersion x are compatible. 
The function g is the composition of the Gauss map and the stereographic projection with 
respect to the north pole of the sphere. If Z) is a line parallel to the vector (cos(7ra), sin(7rQ;), 0) 
for a e M, then the circle corresponds to (7 G ze^'^^M. 

If / is a meromorphic function on an open set U G S, we define its Schwarzian derivative 
with respect to a local conformal coordinate z by 

S./ = 

If ( is another local conformal coordinate, then S^/ = S^/ + SzC- If / is regular at a point zi, 
then Szf is holomorphic at zi, if / has a branch point of order j — 1 at zi with j ^ 2, then S^/ 
has a pole of order 2 at zi, and its coefficient of order —2 is equal to 
The Hopf differential is the holomorphic 2-form on S defined by 

Q = ujdg = l-dXs—. 

2 9 

The forms Q and Sz9 are invariant by a direct isometry of M.^. The first and second fondamental 
forms of the surface given by 

I = (1 + |^|2)2|^|2^ II = -2ReQ. 

Proposition 1. Let z G S and A; G N*. Then z is a zero of Q of order k if and only if z is a 
branch point of g of order k. This happens if and only if one of the following conditions holds: 

• z is a zero of g of order k + 1, 

• z is a pole of g of order k + 1, 

• z is a zero of — of order k. 

J g J 

Proof. If 2; is a zero of g of order d E N*, then it is not a zero of u and it is a simple pole of 
Consequently it is a zero of Q of order k if and only if k = d — 1. 

If 2; is a pole of g of order c? G N*, then it is a zero of u of order 2d and it is a simple pole of 
Y ■ Consequently it is a zero of Q of order k if and only if k = d — 1. 

If z is neither a zero nor a pole of g, then it is not a zero of u, and consequently it is a zero 
of Q of order k if and only if it is a zero of ^ of order k. □ 

We recall the spinor representation of a minimal surface: 

x{z) = x{zo) + Re r {e, - t{ei + 266) 

J zn 



where 6 ^ind 6 are holomorphic sections of a spin structure (see |KS96j for more information). 
These spinors satisfy 

6 (-2 

9 = -r^ ^ = ii- 

Two such holomorphic spinors define a minimal immersion if and only if they do not have 
common zeros (if they have a common zero, then the map x is not an immersion at this point). 
We will call (6, 6) the spinor data of x. 
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2.2. Helicoidal ends. Most of the results of this section are contained in Riemann's memoir 
|H,ie68| . Here we prove these results using modern formalism, and we give precise definitions 
for helicoidal ends and the signs of distances and angles. 

Definition 2. Let Di and D2 be two nonparallel and nonconcurrent oriented straight lines, 
and let ui and U2 he unit vectors inducing the orientations of Di and D2- Then the unit vector 

^ Ml X (-M2) 
V = -rr^ ^-j-j- 

|pi X W2II 

is called the vector associated to the couple {Di,D2) of oriented straight lines. 

Definition 3. The signed distance of Di and D2 is the number D{Di, D2) =< P1P2, v > where 
Pi G Di andp2 G D2 (this number does not depend on the choices ofpi andp2, and \D{Di, D2)\ 
is the distance between Di and 02)- 

Definition 4. Let U be a neighbourhood ofO inC that is symmetric with respect to the real axis 
(i.e. z eU z eU),VL = i:nU,VLi = (-00,0), 9.2 = (0, +00) andx-.Q^R^ be 

a conformal minimal immersion that is complete at 0. Let Di and D2 be two nonparallel and 
nonconcurrent oriented straight lines, let ui and U2 be unit vectors inducing the orientations of 
Di and D2, and let v be the vector associated to {Di,D2). 

We say that the immersion x has an end (at z = 0) bounded by the couple of oriented lines 
Pi, ^2) if 

1. the immersion x maps Qi to a part of Di and < x{z),Ui >— >■ +00 when z with z 
real and negative, 

2. the immersion x maps Q2 to a part of D2 and < x{z),'ll2 >— —00 when 2; — > with z 
real and positive. 

We say that the immersion x has a helicoidal end (at z = 0) bounded by the couple of oriented 
lines {Di,D2) if moreover the two following conditions are satisfied: 

3. the Gauss map of x has a limit when z ^ 0, 

4. the quantity < x{z),v > is bounded when z ^ 0. 

It will follow from the proof of lemma [7| that a helicoidal end is actually asymptotic to a 
helicoid. 

Lemma 5. Assume that x has a helicoidal end bounded by {Di,D2). Let N be the Gauss map 
of X. Then the limit point of N at is N{0) = v or N{0) = —v. 

Proof We have N{z) G if 2 G fii and N{z) e if z e ^2, so N{0) e n . □ 

Lemma 6. Assume that x has an end bounded by {Di,D2). Let {g,uj) be the Weierstrass data 
of X, and Q its Hopf differential. Then Q extends to a holomorphic 2-form on U\ {0} and S^g 
extends to a meromorphic 2-form on U \ {0}. 

Proof. Since a direct isometry of does not change Q and Szg, we can assume that D2 is the 
Xi-axis. Then X3 is constant on Q2, so x'^ = on Q2, and thus X[{z) G for z G ^2- And the 
Gauss map is normal to the xi-axis on ^2, so g{^2) C iR, and thus j{z) & M. for z ^ Q2- 
Thus ^ = |A^3^ is purely imaginary on f22 (since it cannot be infinite). The same holds on 

Thus we can apply the Schwarz reflection to ^ (which is up to now defined on fi), and 
we obtain a holomorphic 2-form Q defined on U \ {0}. 

In the same way, assuming that D2 is the Xi-axis, we have ^(z) G M for z E Q2, and so 
— ^{^Y is real or infinite on ^l2. The same holds on fii, and we obtain a meromorphic 
2-form Szg defined on U \ {0} by Schwarz reflection. □ 
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Lemma 7. Assume that x has an end hounded by {Di,D2). Let {g,uj) be the Weierstrass data 
ofx, and Q its Hopf differential. If x has a helicoidal end bounded by {Di,D2), then there exist 
A eR* and a G M \ Z such that 

(1) Q~.^.-W, S.^~i^.-W 

when z ^ 0. 

The couple {A, a) is then defined uniquely up to a sign. Moreover, if vrao denotes the angle 
of Ui and —U2 with G (0,1), then we have either a G ao + 2Z and A = —D{Di,D2), or 
-aeao + 2Z and A = D(Di, D2) . 

We say that x has a helicoidal end of parameters {A, a), and that na is the angle of the 
helicoidal end. 

Proof. Since a direct isometry of does not change Q and S^g, we can assume that Ui = 
(cos(7rao), sin(7rao), 0), ^2 = — Ci, Di is the hne (0, 0, —A) + R-Ui and D2 the Xi-axis. Then we 
have V = —63, and so ^'(0) = or g{0) = 00 by lemma El Moreover we have D{Di, D2) = —A. 

Set h{z) = z-'^og^z) for z e Q. Then h{z) e iR ii z e Qi (since N{z) G L'j^) or z e ^2 
(since N{z) G -D^). Thus h extends to a meromorphic map on U \ {0} by Schwarz reflection 
principle. Since g has a limit at 0, h has no essential singularity at 0. 

Thus there exist a integer j and a nonzero real number p such that g{z) ~ ipz""^^K We set 
a = ao + j. We compute that S^^f ~ ^—j-z~'^dz'^ . 

Let hi{z) = X^(z) — i—\nz for 2; G fi, with X3 as in section U~T\ Then, since X3 = ReXa, we 
have hi{z) G if ,2 G f2i or 2; G ^2- Thus hi extends to a meromorphic map on U \ {0} by 
Schwarz reflection principle. Moreover, X3{z) = — < x{z),v > is bounded in the neighbourhood 
of by condition 4 in definition IH so hi is holomorphic at 0. 

Hence we have dX^ ~ i-z~^dz, and so Q = ^dXq^ ~ i4^z~'^dz^. 

We now prove that the integer j = a — ao is even. We have 



d(xi + 1x2) = u - g to = — — ~ — (p 'z "dz + pz ^^"d^;). 

2g 2 Ztc 

We set z = t + ir with t and r real. We have < x, Ui >= Re((xi + ix2)e~*™°), so for t < we 
have 

d A 

— <x,ui >~ -— cos(7r(a - ao))(p"^|tr^"" + p|tr^+"). 
at Zn 

Thus condition 1 in definition ^ implies that — cos(7r(a;— ao)) > 0. And we have < x, —U2 >= 
xi = Re(xi + ix2), so for t > we have 

Thus condition 2 in definition HI implies that Ap < 0. We conclude that cos(7r(a; — ao)) > 0, 
that is a — ao € 2Z. 

Finally, it is clear that (|H) defines {A, a) uniquely up to a sign. □ 

Let X be an immersion having a helicoidal end of parameters {A, a) bounded by two lines 
Di and D2 that are as in the proof of this lemma. Without loss of generality we can assume 
that a G ao + 2Z, and thus A = —D{Di,D2). Then a > means that the Gauss map at 
points down and that we turn in the clockwise direction when we go from Di to D2 on the 
minimal surface, and a < means that the Gauss map at points up and that we turn in the 
counter-clockwise direction when we go from Di to D2 on the minimal surface. On the other 
hand, A > means that Di lies below D2, and A < means that Di lies above D2. Thus, 
Aa > means that we go down when we turn in the counter-clockwise direction on the minimal 
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surface, and Aa < means that we go up when we turn in the counter-clockwise direction on 
the minimal surface. This last fact remains true if —a G ao + 2Z. Hence we say that x has 
a left-helicoidal end (respectively a right-helicoidal end) if Aa > (respectively Aa < 0) (see 
figures HEl Hand El). 




Figure 2. A> and a > (left-hehcoidal end). 



D2 



Figure 3. A <0 and a > (right-hehcoidal end). 




Remark 8. This definition and these lemmas extend for ends at a point z\ G M. 

They also extend for end at oo using the change of parameters ( = —z~^, which maps 
{huz > 0} onto itself. We get 

Q-^i—z dz , S^5f ~ — - — z dz 
Ztt Z 

when z ^ oo (because Szg = S(^g + SzC and SzC = 0^. 
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Figure 5. A <0 and a < (left-helicoidal end). 



3. Minimal surfaces bounded by three lines with helicoidal ends 

In this section we will study minimal disks bounded by three lines with three helicoidal ends 
when the triple of lines belong to V, which is a generic property. 

3.1. Geometric configuration. An element of T> has a representant that is described as 
follows. 

Let Di be the horizontal line oriented by the vector Ui = (cos(7ra;o), sin(7rQ;o), 0) for some 
oq G (0, 1), D2 the xi-axis oriented by the vector ^2 = — ei, and the line oriented by the 
vector Ms = (cos(7r7') sin k, — sin('7r7') sin n, cos k) for some 7' G M and k G M (the number tt'j' 
is the angle of the projections of D2 and D3 on the horizontal plane, except if D3 is vertical, in 
what case it can take any value). 

The number vrao is the geometric angle of Ui and —U2- Let us denote by tt/Jq with Pq G (0, 1) 
the geometric angle of 7x3 and —Ui, and by tt^jq with 70 G (0, 1) the geometric angle of U2 and 
—Ms (see figure ini). 




Figure 6. Three lines in generic position. 



We denote by vq, vi and Voo the vectors associated to {Di,D2), (1^2, -D3) and {Ds,Di) (see 
definitional): 

Ui X U2 ^ ^ U2 X ^ X Ui 

Vo = -TT^ ^ = -63, Vl 



\Ui X U2\\ \\U2 X U3II 11^3 X Ui\\ 

We set A = -D{Di,D2), B = -D{D3,Di) and C = -0(^2, ^3)- Finally we denote by Eq 
the sign of det('Ui, U2,uz). 
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Proposition 9. The map 

L:{Di, D2, Ds) ^ (ao, 7o, Po, -A, -C, -B, Eq) 

is a bijection from V onto /C x M* x M* x M* x {1,-1} where IC is the set of the triples 
(ao,7o,/3o) e satisfying 

ao + /?o + 7o>l, -ao + /5o + 7o < 1, 

Proof. The fact that (ao,7o,/5o) G /C is a consequence of Gauss-Bonnet formula apphed to the 
spherical triangles on §^ bounded by the circles D^, D2 and D^. 

Conversely, let (ao, 70, Po) & IC, A, B,C e M* and Eq G {1, —1}. Then there exists a spherical 
triangle of angles ttoq, tt/^q and 7170. The three corresponding oriented circles define unit vectors 
Ui, U2 and U3 uniquely up to a direct isometry of M?. If the sign of det('Ui, U2,u^) is not equal to 
£0 , then we replace these vectors by their images by an indirect isometry of (which does not 
change the angles of the spherical triangle). Up to now, ui, U2 and are uniquely determined. 

Now we consider three lines Di, D2 and D3 in oriented by Mi, U2 and u^. We translate D2 
in the direction of ui x U2 in order that D(Di, D2) = —A. Then we translate D3 in the direction 
of Ui X M3 in order that D{Ds,Di) = —B. Finally we translate in the direction of ui in 
order that D(D2, -D3) = —C (this operation does not change D(D3, -Di)). The lines Di, D2 and 
Z?3 are determined uniquely up to a direct isometry of R'^. This completes the proof. □ 

A precise study of the space of triples of lines in generic position, and in particular a more 
detailed proof of proposition IHl can be found in |Bal03j . 

Definition 10. Two triples in T> are called dual configurations if their parameters only differ 
by the sign of Eq. 

The dual configuration of that of figure IHl is shown on figure [7| in both configurations the 
lines Di and D2 are horizontal, but "goes down" on figure El and "goes up" on figure [7| 




7r/3o 



Figure 7. The dual configuration of that of figure IHl 

Remark 11. An indirect isometry 0/ changes A, B, C and Eq into their opposites. The 
dual configuration of a triple is not the image of this triple by a symmetry, but the directions 
of the straight lines are symmetric. 

We set /?' = 1 — a — 7' (the number tt(3' is the angle of the projections of Di and on the 
horizontal plane, except if is vertical, in what case it can take any value). 
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Since vi and —63 are normal to the Xi-axis, there exists a rotation R about the oriented 

Xi-axis that maps iJi onto —63; we denote by 6 its angle. We have R{u2) = U2 and R{u3) = 
(cos(7r7o), — sin(7r7o), 0). In the same way, -Uoo and —63 are normal to Di, so there exists a 
rotation R about the oriented line Di that maps Voo onto —63; we denote by 9 its angle. We 
denote by T the rotation of angle —nao with respect to the xs-axis. We have T o R{ui) = el, 
T o R{u3) = (cos(7r/3o), - sin(7r/?o), 0) and T o R{v^) = -63. 
Finally we set t — tan | and i — tan |. 

Lemma 12. We have 

cos(7r/9o) + cos(7rao) cos(7r7o) 



cos^ — 
COS 6 — 



sin(7rQ;o) sin (7170) 
cos(7r7o) + cos(7rQ;o) cos(7r/3o) 



sin(7rao) sin(7r/9o) 

Proof. We notice that the numbers sin(7rQ;o); sin(7r/5o) and sin(7r7o) are positive. 
We have 

cos(7r7o) =< U2, —U3 >— cos(7r7') sinre, 

sin(7r7o) = a/1 — cos^(7r7o) = ^J sin^(7r7') sin^ k, + cos^ 

cos(7r/3o) = < 'U3, —Ml > 

= — cos(7rQ;o) cos(7r7') sin k + sin(7rQ!o) sin(7r7') sin k. 

We compute that 

Ui X U2 — sin(7rQ;o)e3, U2 x U3 — (0, cos k, sin(7r7') sin k). 

Thus we have 

< Ui X U2,'U2 X ^3 > sin(7r7') sinfi; 

COSb* = — — — — — - = ■ 

X M2II ■ ||m2 X M3II ^sin^(7r7')sin^K + cos2«; 

Finally we get 

cos(7r/3o) = — cos(7rQ;o) cos(7r7o) + sin(7rQ;o) sin(7r7o) cos^. 
This proves the first formula. 
And we have 

cos(7r/?o) = cos(7r/9') sinre, 
sin(7r/3o) = -x/l — cos^(7r/3o) = ^ sin^(7r/3') sin^ k, + cos^ 

We compute that 

■U3 X ■ui = (— sin(7rQ;o) cos k, cos(7rQ;o) cos k, sin(7r/3') sin k) . 

Thus we have 

- < Ml X ^2, ^^3 X ^^1 > sin(7r/3') sin k 

cos9 = --^ ir-n — rr= ^ttt = , 

\\ui X U2\\ ■ \\U3 X ui\\ ysin^(7r/3') sin^ k + cos^ k 

Finally we have 

cos(7r7o) = — cos(7r(ao + P')) sin « 

= — cos(7rQ;o) cos(7r/3') sin k + sin(7rQ;o) sin(7r/3') sin k 
— — cos(7rQ;o) cos(7r/3o) + sin(7rQ;o) sin(7r/3o) cos ^. 
This proves the second formula. □ 

Lemma 13. The signs of cos k, sin 9, sin 9, t andt are equal to Eq. 
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Proof. Since sin^^ = t and sin^ have the same sign. In the same way i and sin 6* have the 
same sign. 

By definition of 6 we have Vi x (—63) = sin6'ei. We compute that 

^ cos K 

Vi X (—63) = ei, 
a/ sin^(7r7') sin^ k, + cos^ k, 

so cos n and sin 6 have the same sign. 

In the same way we have v^c x (—63) = sin6''Ui, so 

cos K 



sin 6 = det('Uoo, —63, ui] 



a/ sin^(7r/3') sin^ n + cos^ k 
Finally we have det('Ui, U2, U3) = sin(7rao) cosk. □ 

3.2. The Hopf differential and the spinor data. Proceeding as for lemma we get the 
following result. 

Lemma 14. Let x : H ^ M.^ be a conformal minimal immersion bounded by three straight lines. 
Let {g,uj) be its Weierstrass data. Then its Hopf differential Q extends to a holomorphic 2-form 
on C \ {0, 1} and the Schwarzian derivative SzQ of its Gauss map extends to a meromorphic 
2-form on C\ {0, 1}. 

From now on we consider a triple of lines {Di, D2, -D3) G P. Let 

L{Di, D2, D3) = {ao, 7o, Po, -A -C, -B, Eq), 

a E ao + 2Z, P E Po + 2Z and 7 G 70 + 2Z. We assume that x : S — is a conformal 
minimal immersion bounded by {Di, D2, D^) and having helicoidal ends of parameters {A, a), 
{B,P) and (C, 7) at 0, 00 and 1 respectively. We denote by {g,uj) its Weierstrass data. 

Proposition 15 (Riemann, |Rie68j ) . Then the Hopf differential of x is 

(3) Q = iz'^{z-l)~^ip{z)dz^ 
where 

(4) ^iz) = ^z{z-l)-^iz-l) + ^z. 
^ ^ ' 271 ^ ' 2n^ ' 271 

Proof. At 2; = we have Q ~ i^z~'^dz'^. At 2; = 1 we have Q ~ "^^(^ — l)"^dz^. At 2; = oo 
we have Q ~ i^z~'^dz'^. Hence the map ^p{z) = z'^{z — 1)^^^ has no singularity on C, and we 
have ^p{z) = 0(2;^) when z —>■ 00, so is a polynomial of degree less than or equal to 2. Finally 
we compute that (f has the announced expression. □ 

Lemma 16. The polynomial (f defined by has two nonreal conjugate roots if and only if 
Aa, Bf3 and C7 have the same sign, ^/\Aa\ < a/|-B/3| + \/\C>y\, \/\B]3\ < ^/\Aa\ + \/\C-f\ 

It has a double real root if and only if Aa, BfS and C7 have the same sign, and \J\Aa\ = 

,/\m + v\c7\, ./m = vw+vw\ or^/w\ = v\M + vw\- 

It has two distinct real roots in all other cases. 

Proof. The discriminant of if is ^ where 

5 = A^a^ + 5^/5^ + C^72 - 2ABa(3 - 2ACa-i - 2BC(3-f. 

Thus the three cases in the lemma correspond respectively to S < 0, 6 = and 6 > 0. The 
expression 5 is a polynomial in the variable C, whose discriminant is equal to 16ABa(3''y'^. If 
AaBp < 0, then S{C) > for all C e M*. 
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We assume that Aa > and B(3 > 0. Then we have S{C) < if and only if 

This condition is not satisfied if C7 < 0, and if C7 > it is satisfied if and only if ^/C*7 > 
y/Aa - ys^, A/U7 > a/B^ - y/Aa and ^/C>i < \fAa + ^/B^. And we have 5{C) = if and 
only if C > 0, and ^/C^ = \fAEi - y/Bp, y/Cj = y/B^ - \fA^ or ^JC^ = + y/W- 
We deal with the case where Aa < and BjS < in the same way. 

We set 



□ 



(/9(r)dr. 



This is a local diffeomorphism except at the zeros of if. The Schwarzian derivative of g in the 
"coordinate" ( satisfies 

We set 



e 



^(9 



9' 



9 \f 
9' 



2 
9' 



9' 



9 W 



+ 



1 



Let (^1,^2) be the spinor data of x. We set 



6 



Z [Z 



l)-^ki\fdz, ^2 = z-^{z-l)-^k2Vd'z. 



Then ki and k2 are holomorphic functions on S, and we have 



(5) 



9 



k2 
fcl' 



z~Hz 



-2u2 



kfdz, 



Q = z-'^{z - l)-\kik'2 - k[k2)dz'^. 
We will abusively call ki and k2 the spinors associated to {9,uj). 

Lemma 17 (Riemann, )Rie68j ). The functions ki and k2 satisfy the following relation on E; 
(6) kik2 — k[k2 = i^p. 

They are solutions on S of the following differential equation: 

(7) 



k" - ^k' + ^k 



0. 



Proof. Equality © follows from (jSJ. 



Since kf 



lip 



we have 



h V 9'' 



On the other hand we have 



So 



and 



e = 



9_ 
9' \^ 

9' \^ 



i I 

9' \^ 



1 



9" V'9' 



h" y 



i2 



2 



Lfki 

9' w 



+ 2 



ipki' 



ipki Lf'^ki 
/\ 2 



k'' ifi'E 
ki ifiki 
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Thus ki is solution of equation ((Zj). 
We also have 



So 



2^ = 2^^^-^ 

h g (f g' 



9'\ .4 



9' \V ) ^9 
1 fg'W g" g'^ ^'g' K k'^ ^'k' 



g' \ipj J ipg ipg"^ ip^g ipk2 ^pkl ip'^h 



2 

9" .9'^ V'9' K u^'k' g'k' k'' ^'k' 

= 2- A- 2^-^ - 2— + 2^-^ + 4^-^ = -2— + 2^—^. 

g g^ ipg k2 ipk2 gk2 k2 <fk2 

Thus /c2 is solution of equation ((7j). □ 
Lemma 18. We have 

z^{z-iy z{z-l)ip{z) ifiz) 

where 

(8) $(2;) = ^^^(^ - 1) - - 1) + 

and where A is an affine function. 

Proof. The form S^C is meromorphic on C, with double poles at 00 and the roots of if. Since 
Gd^;^ = S^fyf — S^Cj by section IT^ and lemma IT^ the function B is meromorphic on C, its possible 
poles are 0, 1, 00 and the zeros of and these poles are at most double. 

By lemma [7| we have S^t^ ~ ^—^z~'^(iz'^ when 2; — 0. On the other hand, S^C is holomorphic 
at since is not a zero of ^p. Thus we have Q{z) ~ ^—^z~'^ when z ^ Q. In the same 

way we have 9(2;) ~ ^—^{z — 1)~^ when 2; — > 1 and Q{z) ~ ^^^z~^d2;^ when z ^ 00 (since 
S2C ~ —4:Z~'^dz'^). At a root of ip, since g and (y9 have branch points of the same order, the 
order —2 terms in Szg and SzC at this root are equal, and so the order of is greater than or 
equal to —1. 

We have ~ Az~'^ when z — ^ 00 (and (p" is a constant). Consequently the function 

A = z{z — l)v?(0 — z~'^{z — 1)~^$) — 2z{z — l)ip" is holomorphic on C, and we have A(2;) = 0(2;) 
when z ^ cxD, so it is an affine function. □ 

Lemma 19. // the roots of ip are distinct, then there are at most four possibilities for the 
function A. 

Proof. Equation (|7j) has regular singularities at 0, 1, 00 and the roots ai and 02 of ip (see 
)WW63j . paragraph 10.3). Moreover, at least one of the roots of (p lies in S, for example ai. 

Since ai 7^ 02, the exponents of equation ((7j) at ai are and 2, and since ki and ^2 are well- 
defined on S, the solutions of (|7j) have no logarithmic term at ai. Thus, in the neighbourhood 
of Oi, equation ((7j) has a solution having the following form: 

00 

n=0 
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with Ao 7^ 0. Writing e{z) = ^|J^,{z-a,)-' + ^|Jo + 0{z-al), since ^ = -J- + -l- + 0(2;-ai), 
reporting in equation ((Zj) we get 

-A. + %lA„ = 0, (%1 ^)a, + ^Ao = 0. 

2 \ 2 ai — 02 / 2 

Hence we get 

(9) V'-if^i ^—]+i^o = 0. 



ai — a2 



We also compute using that 



Bf3 B (3 

K{z) = — (-4ai(ai - 1) + mitp^i) + — (m2 + msip-i + mAi)\){z - ai) 
Zn Zn 

with 

(o-i — a2)$(ai) 

mi = ai(ai - l)(ai - 02), m2 = -. — 4(2ai - 1), 

ai[ai — 1) 

ms = 2ai(ai - 1) + (2ai - l)(ai - 02), m4 = --y-- 

Assume that Oi and 02 are distinct real roots. Then 02 G S and we can apply the same 
argument at 02 with a coefficient ip^i analogous to ip^i- we have 

Bp -Bp 
A{z) = —(-402(02 - 1) + rhii^-i) + 7;— ("^2 + msij^i + rfiAi)\){z - 02) 
Zti Zn 

where rhj has the same expression as rrij exchanging oi and 02- Identifying these two expressions 

of A, we get m2 + m^ip^i + 7714'?/'^ = m2 + m^ip_i + m^ilj'^-^ and miip_i — miip_i — 4ai (oi — 1) + 

402(02 — 1) = (fli — a2)("^2+"^3V'-i+'Ti4-?/'^i). Setting i? = ai(ai — l)'?/'_i and -R = 02(0.2 — 
we get 



' = _4 - + f ^ + ^ + 1 ) 

— 1) \ fi~oi2 Oil ai — 1 ' 



(10) 



ai— 02 2ai(ai — 1)^ 



a2(a2 — 1) ya2— Qi 12 a2 — 1 
1 l^i^2 



a2-ai 202(02-1)" 

Assume that ai and 02 are complex conjugate roots. Since Q{z) G M when 2; G M \ {0, 1}, A 
must have real coefficients, so we have Im(m2 + m^il)_i + m^ip'^-^) = and Im(— 4ai(ai — 1) + 
miip_i — ai(m2 + m^ip_i + m4'?/'^^)) = 0. Setting R = ai(ai — and R = R, since 02 = oT, 

this is equivalent to system (fTUj) . 

System (fTUj) has at most four solutions {R, R). Thus there are at most four possible functions 
A. □ 

Lemma 20. If the polynomial (f has a double real root, then there are at most three possibilities 
for the function A. 

Proof. Equation (|7j) has regular singularities at 0, 1, 00 and the root ai of (f. Moreover, ai lies 
in E. Since Oi is a double root of ip, the exponents of equation ((Tj) at ai are and 3, and since 
ki and /c2 sue well-defined on S, the solutions of (|7j) have no logarithmic term at Oi. Thus, in 
the neighbourhood of ai, equation ((Tj) has a solution having the following form: 



n=Q 
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with Ao 7^ 0. Writing 

e{z) = tfj-iiz - ai)-^ + tlJo + ^i{z - ai) + 0{{z - ai)^), 
since = jz^, reporting in equation ((Tj) we get 

_2A, + %1A„ = 0, -2A. + %iA, + f A. = 0, 

Hence we get 

(11) ^ + ^ + ^, = 0. 

K J 16 2 ^ 

We also compute that 

k{z) = -4— ai(ai - 1) + — ni(z - ai) 
ZTT zvr 

+ ^^2(2: - ai)^ + ^n^iz - aif + 0{{z - ai)^) 



with 



ni = ai(ai — — 4(2ai — 1) 

Ha,] 



n2 = ai{ai - 1) h/'o j? + (^'^i ~ ~ 4' 

V af(ai - 1)V 

= ai(ai-l)V'i , \, +2 . ^ — + 



ai(ai — 1) ai(ai — 1) yai a. 



+ (2ai - 1) Uo - 2, ,A2 + 



-1- 



On the other hand, A is an affine function, so we have n2 = = 0, and using (jlip we obtain 
that tp-i is solution of a degree 3 polynomial equation. Thus there are at most three possible 
functions A. □ 

All that has been done up to now does not depend on Eq, i.e. it holds for {Di, D2, D^) as 
well as for its dual configuration. 

Theorem 21. There exist at most four minimal disks hounded by {Di, D2, D3) or its dual 
configuration and with helicoidal ends of parameters {A, a), {B,f3) and (C, 7) at 0, 00 and 1 
respectively. 

Proof. By lemmas ^1 and 1201 it suffices to prove that for each possibility of the Schwarzian 
derivative there exists at most one minimal immersion bounded by {Di, D2, D3) or its dual 
configuration and with helicoidal ends of parameters {A, a), {B,P), (C, 7). 

Assume that the function B is known. Then the set of the solutions of equation ((7j) on E 
is a vector space generated by two independent solutions. Thus, if {g, u) and {g, uj) are the 
Weierstrass data of two minimal immersions corresponding to G, then g and g are quotients 
of linear combinations of these two independent solutions, so there exists a Mobius transform 

: C — > C such that g = n o g. But the value of the Gauss map at each end is uniquely 
determined, so we have giOi) = g{0), g{l) = g{l) and g{oo) = g{oo). Moreover, g{0), g{l) and 
g{oo) are pairwise distinct (since the straight lines do not lie in parallel planes), so n is the 
identity, and so g = g and uj = uj. □ 
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3.3. Some facts about the hypergeometric differential equation. In this section we 
recall some facts about the hypergeometric differential equation and hypergeometric series that 
will be useful to give explicit examples of minimal disks bounded by three straight lines. 

Let si, S2 and S3 be three complex numbers such that S3 ^ — N*. The hypergeometric series 
is defined by 

, X r(s3) >^ r(si + n)r(s2 + n) „ 

F si, S2; S3; z) = > — ■ — ^ z 

r(si)r(s2)^ r(s3 + n) 

for \z\ < 1. 

We use the notations of section 13.21 We define eight numbers 

l±«±/3±7 

(12) s±±± = . 

These numbers are noninteger. We also set 

n = (l + a + /3 + 7)(l-a + /5 + 7)(l + a-/3 + 7) 

(13) x(l + a + /3-7)(l-a-/5 + 7)(l-a + /5-7) 

x(l + a- /3-7)(l-a-/3-7). 

We consider the following hypergeometric equation on S: 

+ I^lj + -7(731) =0- 

This equation is usually denoted by P < ^ ^ -^f- Since we have a,/3,7 ^ Z, the 

[ o s — I — 7 J 

fundamental system of linear independent solutions of hypergeometric equation ()14|) at the 
singular points is given (see section 2.2, paragraph 1 in [MQS66j . or |BPS02p 

• on So by 

w'f\z) = F(s___, s_+„; 1 - a; z), 
wf\z) = F(s+__, s++_; l + a;z), 



on Si by 



w^^\z) = F(s ,s_+_;l-7;l-^) 

= z"F(s+__,s++_; 1 -7; 1 - 2), 



w^^\z) = (l-^)^F(s__+,s_++;l + 7;l-^) 

= 2:-(l-z)^F(s+_+,s+++;l + 7;l-z), 



on Soo by 



w['^\z) = z-^— F(s___, s+__; 1 - /?; z'^), 



(00)/ N 

w\ '[z) = z 



F{s.+.,s++.-l + P;z'^). 



The second expressions for w^^^ and ^2^'' are obtained using first formula of section 2.4.1 in 

IMOHM]. 

For z e (-1, 0) we have w'^\z) G M and ^(2) G e^™R; for z G (0, 1) we have wf \z) G M 
and W2\z) G M. For z G (0, 1) we have w^^\z) G M and w^2\^) ^ '^'1 ^ ^ (1)2) we have 
w\^\z) G M and w^^^(z) G e'^'^TM. For z G (1, +00) we have wf^\z) G M and w^^\z) G M; for 
z G (-00, -1) we have w^^\z) G e"^'^^— M and w^^\z) G e-^'^^-+"M. 
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These solutions are connected in the following way. On Sq fl Si we have 




where 
(15) 



(0) 

(0) 
^2 



r(i-«)r(7) r(i-«)r(-7) 

J^n ^^12^ r(s__+)r(s_++) r(s___)r(s_+_) 
z/oi Z/09 I \ r(i+a)r(7) r(i+a)r(-7) 

^ ^ r(s+_+)r(s+++) r(s+__)r(s++_) 



(we used fourth formula of section 2.4.1 in |MOS66j to compute this matrix). In the same way 
we have 

(oo) 
W{ 

(oo) 
W2 




where 



^ ^21 ^22 ^ 

(16) / ^iTTs,,. r(i-a)r(/3) iTTs.^^ r(i-a)r(-/3) 

r(s_+_)r(s_++) «^ r(s___)r(s__+) 

r(i+a)r(/3) r(i+a)r(-/3) 
r(s++_)r(s+++) r(s+__)r(s+_+) 

(we used fifth formula of section 2.4.1 in |MUS66j to compute this matrix; we should notice 
that in this formula (—2;)"" is defined with arg(— 2;) G (— vr, vr), and thus with this convention 
we get {—z)'"" = e^'^"'z~°'). This last formula is actually valid for the analytic continuations of 
the solutions on Sq and Sqo, since the intersection of these two domains is empty. 

In the sequel, ai and a2 will denote the solutions on S of hypergeometric equation ()14|) such 
that 

(0) (0) 

on Sq. 

Lemma 22. We have aia2 — (j[a2 = az°'~^{l — z)"'~^ . 

Proof. Since cxi and (T2 are solutions of (HD), we get that cricig — cr'i(J2 is a solution on E of the 
following equation: 



/ / l-« 1-7 , 
w = - [ \ I w. 

z z — 1 



Thus it is proportional to z°' ^(1 — 2;)'^ ^. And since cri(T2 — 0"'^cr2 ~ a-z" ^ when z — ^ 0, we get 
the announced expression. □ 

Lemma 23. We have Z/12Z/21 = — t^i^ii^'22 where t has been defined in section Wl\ 

Proof. Using that V{1 + z) = zT{z) and T{1 — z)T{z) = ^.^j"^^^ (see section 1.1 in |MOS66j ). we 
compute that 

r(i-a)r(-7)r(i + a)r(7) 



^^12^^21 



r(s___)r(s_+_)r(s+_+)r(s+++) 

a r(i-a)r(i-7)r(a)r(7) 
~7 r(s___)r(s_+_)r(i - s_+_)r(i - 

a sinfvrs ) sin(7rs_ +_) 



7 sin(7ra) sin(7r7) 
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r(i-a)r(7)r(i + a)r(-7) 
r(.__+)r(._++)r(s+__)r(.++_) 

a r(i -a)r(7)r(a)r(l-7) 

~7 r(s__+)rGs_++)r(i - s_++)r(i - 

a sin(7rs ^) sin(7rs__|__|_) 

7 sin(7ra) sin(7r7) 
Thus proving that Z/12Z/21 = —^^^^11^^22 is equivalent to prove that 

(17) sin(7rs ) sin(7rs__|__) = — t^sin(7rs |_) sin(7rs ^+). 

But we have 

2 sin(7rs ) sin(7rs = cos(7r/9) — cos(7r(— a — 7 + 1)) 

= cos(7r/3) + cos(7ra) cos(7r7) — sin(7ra) sin(7r7), 

2 sin(7rs |-) sin(7rs_+-t-) = cos(7r/5) — cos(7r(— a + 7 + 1)) 

= cos(7r/9) + cos(7ra) cos(7r7) + sin(7ra) sin(7r7). 

Thus, since = cos 6', condition (fTTj) is equivalent to 

cos(7r/5) + cos(7ra;) cos(7r7) 
cos C7 = : - - : - - , 

?>m.\Tia) sin(7r7j 

which is satified according to lemma IT^ and since vra, 7r/3 and 7r7 are congruent to vrao, vr/3o 
and 7r7o modulo 27r. □ 

Lemma 24. We have z/i2^'2i = —^^^'11^^22 where i has been defined in section Wl\ 
Proof. Since e*'^* — gi7rs++_ _ gi7r(i-7) _ gj7rs_+_gj7rs+ — ^ proceeding as in lemma and ex- 
changing the roles of (3 and 7, we obtain that the equality of the lemma is equivalent to 

' cos(7r7) + cosfvra) cosfvr/?) 
cos^ = . . I n^ • 

This condition is satified according to lemma ^1 and since vra, tt(3 and 7r7 are congruent to 
TTtto; T^Po and 7r7o modulo 27r. □ 



Lemma 25. We have 



V21 V21 

Proof. Proving this equality is equivalent to prove that 

tsin(7rs |_) = t sin(7rs_+_). 

We have computed that 

^2 sin(7rs ) sin(7rs_+_) ^ sin(7rs ) sin(7rs_ 



sm(7rs ^) sm(7rs_++) sm(7rs_+_) sm(7rs_++) 

We deduce that sin^(7rs = P sin^(7rs_4.„). Since sin^^ = and sin^ = we deduce 

from lemma IT^ that t and t have the same sign. So it now suffices to prove that sin(7rs ^) 

and sin(7rs |__) have the same sign. 

We have 2 sin (tts sin(7rs_+_) = cos(7r(7— cos(7r(l— a)) = cos(7r(7o— /Sq)) — cos(7r(l — 

cto)). We also have 1 — G (0, 1) and 70 — /5o ^ 1); and by (j21) we have 1 — > Po\i 

so we get cos(7r(l — a^)) < cos(7r(7o — /?o)) and 2sin(7rs |_) sin(7rs_+_) > 0. This proves the 

lemma. □ 
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3.4. Existence of a minimal surface bounded by three lines. In this section we give 
explicit examples of minimal disks bounded by three lines in generic position. We use the 
notations of section 13.21 

Let a, b and c be three real numbers. For j = 1,2 and 2; G S, we set 

(18) Kj = z^{l - z)^{{a + bz)aj + cz{\ - z)a'-). 

These functions were introduced by Riemann in his memoir |Rie68j (where they are denoted 
by ki and ^2)- 

Lemma 26 (Riemann, |Rie68j ). The functions Ki and K2 satisfy 

K^K'^ - K[K2 = z^-''{l - zy-^{aia'2 - a[a2)F{z) 

with 

^ ^ -{b + s c)(6 + s_+_c)2(l -z). 

Proof. Using the fact that crj is a solution of (IHj), we compute that 

K- = z 2(1 — 2;] 2 X 

{{niz^ + n2z{l - z) + n^{l - zY)aj) 
+ {niZ^{l -z)+ n^z{l - zf)a'.) 



with 



1 — 7. 7 — a 3 — a, 
ni = ^ — (a + o), 77-2 = — ^ — a^ ^ — b + cs s_ 

1 — a 1 + 7 l + a 
na = — - — a, 77,4 = a + — c, ris = a H — ( 



Thus we get 



K,K',-K[K2 = z'-^il-zy-^a,a',-a[a2)x 
(((a + 6)^4 — cni)z'^ 
+ {an4 + (a + 6)725 — cn2)-2(l — z) 
+ (an5 - m3)(l - zf). 

The last factor in this expression is a polynomial of degree 2. We compute that its values at 
and 1 and its degree 2 coefficient are the same as those of the polynomial F in the lemma. □ 

Corollary 27. The functions Ki and K2 satisfy 

(20) KiK'2 - K[K2 = aF, K^K'^ - KIK2 = aF', 

with F as in M9^) . 

Proof. The first formula comes from lemmas |221 and 123 We obtain the second one by differen- 
tiation. □ 

Lemma 28. Let Ai, A2, /ii, /i2 be complex numbers such that A^^/i2 — Ag^/ii 7^ 0. Then the 
spinors ki = Xi^Ki + \2^K2 and k2 = f^iKi + /i2-^2 define a conformal minimal immersion 
X : E — »• R^, with possibly a singular point at the root of F when F has a double root. The 
immersion x has, up to a translation in M.^, a helicoidal end bounded by Di and D2 and of 
parameters {A, a) if and only if X2 = = 0, Ai G iM* , /i2 G M* and a\i^iJ.20'{a + ac) = i^. 
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Proof. The singularities of x correspond to the common zeros of ki and k2, and thus to the 
common zeros of Ki and K2. Using (j2Up we conclude that a singular point of x is necessarily 
a double root of F. 

Let {g, u) be the Weierstrass data of x. We will use the expressions of ai and a2 valid in Sq, 
that is 0"! = wf^ and (T2 = wf\ We have 

kik'2 - k[k2 = (A]"V2 - A2 Vi)(-^i-^2 ~ K[K2) = a(A]"V2 - A2 Vi)-^ 
with F as in (fT!I|l . 

Assume that x has, up to a translation in M^, a helicoidal end bounded by Di and D2 and 
of parameters {A, a). Then when z — > we have Q ~ z^2;~^dz^, so we get = a{Xi^fi2 — 
A2 ^/ii)-F(O) = a{Xi^ii2 — A2 Vi)'^('^ + ck^c). This implies in particular that A^V2 ~" A2 Vi ^ 
a 7^ and a + ac 7^ 0. 

Then we have ~ az^ and K2{z) ~ (a + ac)^;^ when 2; ^ 0. We must have 

g{z) ~ ip2;° for some p G M* (see the proof of lemma [7j), since a G (0, 1) + 2Z. This implies 
that pi = if a > and A2 = if a < 0. 

We deal with the case where a > 0. In this case we have g = ~ AiU2^-^2;", so 

Ai/i2 G zM. And since we also have Xi^fi2 £ (because A2 ^pi = 0), we get fj^l eM. and A^ G M. 
Moreover, we have g{z) G if z G (0, 1) (since D2 is the Xi-axis), and the functions Ki and K2 
take real values on (0, 1), so we also have A2/i2 £ i^, and so A^ G M. Since x maps (—1, 0) onto 
a straight line, and since d(xi + 1x2) = lj — g'^oj = z~'^{z — l)~'^kfdz — z~'^{z — l)~^/c2dz, the 
argument of kf — k^ must be constant on (—1, 0). We have kf — k^ = Xi'^Kf + 2X]^^\2^KiK2 + 
X^^K"^ — jJ^^K"^] on the other hand we have argi^i(2;) = tt^^ mod vr and argiir2(-2) = ^r^i^ 
mod vr if 2; G (—1,0), so we conclude that A2 = 0. Thus we have u ~ Xi'^o?z~^~°'(iz and 
g'^uj ~ ^^{a + ac)'^z^^^°'dz. Since xi +00 when z ^ with z real and positive (by condition 
2 in definition IH), we get Af < and fil > 0, which implies Ai G iR* and /i2 G R*. 
We proceed in the same way in the case where a < 0. 

Conversely, assume that A2 = pi = 0, Ai G iU*, p2 ^ R* and aXi^jj,2a{a + ac) = i^. Then 
we have arg/c^ = arg(— ^2) = vr« on (—1, 0) and arg A;f = arg(— A;2) = vr on (0, 1), and we have 
d(xi + 1x2) = Co — g^u ~ X^'^a'^z^^^'^dz — /i^a + acYz'^^^dz. This proves that x has an end 
bounded by two lines D'l and D'2 that are parallel to Di and D2 respectively. Moreover, we 
have g{z) ~ Xifi2^^^z" and Q ~ a;A]^V2Ct('^ + ac)z~'^dz^ = i^z~^dz^, so x has a hehcoidal 
end of parameters {A, a) by lemmalU This finally implies that J}{D'^, D'2) = —A = T){Di, D2), 
and so D[ and D2 are the images of Di and D2 by a translation in R^. □ 

In the sequel we will study the minimal immersion x : S R'^ (with possibly a singularity 
at a double root of F) given by the spinors ki = X~^Ki and k2 = /i-ft'2 for some A G C* and 
some p G C*. We first notice the following fact. 

Remark 29. For p G R*, the transformation 

(a, 6, c. A, /i) (pa, pb, pc, pA, p" V) 

does not change the Weierstrass data {g,uj) (and consequently does not change the immersion 
x), and changes X~^p into p~^X~^p. Thus, without loss of generality, we can assume that 
\Xn~^\ = \a\. 

Remark 30. Replacing (A,p) by {—iX,ip) would change g into —g and u into —uj. Thus the 
immersion x would be replaced by its image by the reflexion about the x^-axis. 
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Proposition 31. Let A and /i be two nonzero complex numbers such that \Xn^'^\ = Let 
X : ^ M.^ be the conformal minimal immersion (with possibly a singularity at a double root 
of F) whose Weierstrass data are given by 

g = -j-, uj = z [z-l) fci, 

where 

ki = X^^Ki, k2 = 

with Ki and K2 as in formula M^) . 

Then, up to a translation, the immersion x maps (—00, 0), (0, 1) and (1, +00) to Di, D2 and 
D3 respectively, and has helicoidal ends of parameters {A, a), {B,P) and (C, 7) at 0, 00 and 1 
respectively if and only if the following conditions hold: 

1. A = —eiafi where e is the sign of Eq-^^ with u as defined in section [^~R 

2. eafj,"^ = (this implies in particular that /i is real), 

3. F = eip with (p as in ^ and F as in ( TT^j) . i.e. the real numbers a, b and c satisfy 

= a{a + ac) 

e§ = (6 + .___c)(6 + ._+.c) 
= (a + 6)(a + 6-7c). 

Proof We denote by Ai, A2, A3, Af , A?, A!] and A^ the images by x of (-00, 0), (0, 1), 
(1,00), (-00,-1), (-1,0), (1,2) and (2, +00). 

If X has, up to a translation in M^ a helicoidal end at bounded by Di and D2 and of 
parameters {A, a), then by lemma EHl we have A G iM*, /i G M* and a\^^na{a + ac) = i^. 
Since |A/x~^| = we have A = —eiafi with e = ±1, and so the first equality in (j7T|) holds. 

From now on we assume that 

(22) A = —eiafi 

with e = ±1 and n G M*, and that ^ = a(a + ac). Then by lemma EH we can assume that 
the immersion x has a helicoidal end at bounded by Di and D2 and of parameters {A, a) 
(it suffices to consider the good translation in R"'). Moreover we have A^ C Z^i, A2 C -D2, A^ 
contains a half of Di in the direction of Ui, and A2 contains a half of D2 in the direction of 
-U2. 

We now prove the necessity of ()21|). By ()20j) we have k[k2 — k[k2 = X'^fiaF = eiF with F 
as in (fT^. On the other hand, if x has helicoidal ends of parameters {A, a), {B,P) and (C, 7) 
at 0, 00 and 1 respectively, then equation ^ holds with as in (jH), so we get (p = eF, which 
implies that (PT|) holds. 

From now on we assume that a, b, c and e satisfy (|2H). We study the behaviour of x at z = 1. 

The rotation R defined in section ITT] moves onto a horizontal line oriented by the vector 
(cos(7r7), — sin(7r7), 0), the vector Vi to the vector —63, and it does not change D2. Let x = Rox. 
Let {g, uj) be its Weierstrass data, and its Gauss map. There exists a matrix 



such that 



~ h22g + h21 ~ /, , u \2 

g = - — — , u = {hi2g + hn) UJ. 



hug + hu 

Then the associated spinors can be choosen as 

ki = {hug + hn)ki = {huk2 + huki), h = gh = {h22k2 + /i2ifci 
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We compute that 
Consequently we have 

where 
with 

m = 



1 f 1 it 



ki = 2:^2" (1 — z) 2^ ((a + bz)ai + cz{l — z)(t[), 
h = z^{l - z)^{{a + hz)a2 + cz{l - -2)0-2), 



, (1) 



mil ^12 \ _ 1 f ^ ^ /^^'^ ^ / '^ii ^^12 



"^21 "^22 y Vl +t2 \^ A ^it /i y V ^^21 ^^22 

These expressions are vahd for z G Si. We notice that mn G and G since A G iM 
and /i G M. 

We claim that x has a helicoidal end at 2; = 1 of parameters {C, 7) bounded by = R{D2) 
and R{D-i) if and only if mi2 = ""1.21 = 0. The proof of this claim is similar to that of lemma 
I2HI so we will only outline the proof. We already know that x maps (0, 1) to a part of D2- 

Assume that x has a helicoidal end of parameters (C, 7) bounded by D2 and R{D^). Then 
we must have g{z) ~ ip{l — z)'' for some p G M*. This implies 17121 = if 7 > and mi2 = 
if 7 < (this follows from the fact that w^\l) = 1 and w^\z) ~ (1 — z)'^ when z — * 1). 
Moreover, x maps (1,2) onto a straight line, so the argument of — k^ is constant on (1,2). 

This implies that mi2 = if 11121 = and m2i = if rriu = (because w\^\ w^^ and their 
derivatives take real values on (1,2)). 

Conversely, we assume that mi2 = 17121 = 0. Since mu G and m22 G M we have argfcf = 
arg(— A;|) = tt on (1,0) and argfcf = arg(— Aig) = —717 on (1,2), and we have d(xi + 1x2) = 
ill — g'^oj ~ m^^ (a + 6)^(1 — z)~^~Tdz — 77222(0 + & — 70)^ (1 — z)'^^"'dz. This proves that x has an 
end bounded by two lines that are parallel to D2 and R{D^), and the signed distance of these 
lines is equal to —C because of the third equation in (j2H). Thus, since we know that x maps 
(0, 1) to a part of D2, we have proved that x has a helicoidal end of parameters (C, 7) bounded 
by D2 and R{D^). This completes proving the claim. 

The condition 77712 = 1^21 = is satisfied if and only if A^ V12 + piti'22 = X'^itun + pi'21 = 0, 
that is, because of (j^ . if and only if 

/oo\ 2 ^12 t^ii 
(23) eafi = = . 

tJ^22 1^21 

We recall that p must be real. Thus there exist G M* and e G {1,-1} satisfying (f^!I|) if and 
only if Z/12Z/21 = —^^^^111^22; which is true by lemma 1221 

Henceforth we assume that /i and e are given by ()23|) . The real number p is defined uniquely 
up to its sign, and e is the sign of ii^^ i.e. of £0"^ by lemma IT^ Thus the number A is also 
defined uniquely up to its sign by (j22|l . Thus we have proved the necessity of conditions 1 and 
2. 

We have C -Di, A2 = -D25 A3 C -D3, A^ contains a half of Di in the direction of Ui and 
A3 contains a half of in the direction of — M3. It now suffices to check that x has a helicoidal 
end at cxo bounded by and Di and of parameters {B,i3). 

The isometry ToR defined in section ITT] moves Di onto the xi-axis oriented by ei, onto a 
horizontal line oriented by the vector (cos(7r/?), — sin(7r/5), 0) and the vector onto the vector 
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—63. Let X = T o Ro X. Let {g, a)) be its Weierstrass data, and N its Gauss map. There exists 
a matrix 

V ^21 "-22 / 

such that 

. h22g + h2i . , £, n2 

5- = ^^ uj = {hi2g + hii) u. 

hug + hu 

Then the associated spinors can be choosen as 

h = {hi2g + hii)ki = {hi2k2 + huki), k2 = gh = (/i22/^2 + hiki). 
We compute that 

h 



Consequently we have 



ki = 2:^2" (1 — z) 2^ ((a + bz)cTi + cz{l — z)d\ 



k2 = 2;' 2" (1 _ 2;) '2'' ((a + bz)cr2 + cz{l - z)cr2), 





)H 


( rhu 


rhi2 \ 


\ ^2 ) 




V rh2i 


rh22 ) 




where 



with 

rhu iTT'U \ _ 1 f X~^e'''^2 fiie~™2t \ / z>ii 1)12 
m2i rh22 ) ~ l2 \ A~^ie^''tt /ie-*''t ) \ hi ^22 

These expressions are vahd for z G Sqo- 

We first prove that mi2 = = 0. Indeed, this condition is equivalent to X^^e'^'^ 21)12 + 
yu,ie~*'^2"tz>22 = A^^ie*'^2"tz>ii + /ie~*'^2"z>2i = 0, that is, because of ((22)), to 

(z4j £6 a/i = — — = — — . 

Since is defined by f|^ . this condition is equivalent to 

I^12'^21 = -t '^111^22, — = e , 

«^21 Z^21 

which holds by lemmas |^ and [23 This completes proving that mi2 = ^21 = 0. 

We claim that x has a helicoidal end at 2; = 00 of parameters {B, (3) bounded by ToR{D^) and 
ToR[Di). Since A G and /i G M, we have arg(m^]^) = — 7r(/5 + 7) and arg(m22) = 7r(l+/5 — 7), 
and so argkl = arg(— A;|) = 7r(l + /3) on (1, +00) and arg A;^ = arg(— A;|) = on (—00, —1). We 
also have d(a;i + 1x2) = Cj — g'^cu ~ Kiz~^^l^dz + K2Z~^~^dz for some Ki, K2 G C*. This proves 
that X has an end bounded by two lines that are parallel to T o R{D^) and T o R[D3), and 
the signed distance of these lines is equal to —B because of the second equation in (PT|) . Thus, 
since we know that x maps (1, 2) to a part of T o R^D^) , we have proved that x has a helicoidal 
end of parameters (-B,/3) bounded by T o R[Ds) and T o Ri^D^). This completes proving the 
claim, and this also prove that Ai = Di and A3 = D^. 

Thus the immersion x is bounded by Di, D2 and D^, and it has helicoidal ends of parameters 
{A, a), {B,P) and (C, 7) at 0, 00 and 1 respectively. □ 
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In his memoir |R,ie68j . Riemann proved the necessity of (j2^, and only with e = 1: this comes 
from the fact that he did not take orientations precisely in consideration. Riemann also noticed 
the following fact (page 335). 

Lemma 32 (Riemann, |Rie68j ). System \21]) is equivalent to 

— a^(p + g + r)^ = e-^" 



(25) { q^-p\p + q + rY = 

with p = a + ^c, q = b + ^—^^c and r = —a — b + jC. 



Theorem 33. A real solution {p,q,r) of system 4^,5]) . where e is the sign of Eq-^^, gives a 
minimal immersion a; : S — > (possibly with a singular point at a double root of (p defined by 
^) bounded by {Di, D2, D^) and having helicoidal ends of parameters {A, a), {B,P) and (C, 7) 
at 0, 00 and 1 respectively. We will denote it X{a,'y, P,eo,p,r,q) . 

Moreover, two different real solutions of system give the same immersion if and only if 
they are opposite one to the other. 



Proof. The first assertion is a consequence of proposition |2H1 and lemma | 

Assume that {p,q,r) and {p,q,r) are two real solution of (j^ . Then they correspond to 
two solutions (a, 6, c) and {a,b,c) of (j2H), which define functions Ki, K2, Ki, K2 by (fT5|) . If 
they define the same immersion, then their Weierstrass data are equal, and so Ki = ±Ki and 
K2 = ±K2 (because A and /x are determined), which implies {a,b,c) = ±(a, 6, c), and finally 
{p,q,f) = ±{p,q,r). The converse is clear. □ 

Corollary 34. If a,P,'y G (0,1) (that is if a = a^, (3 = [3q and •y = Jo), then there exists a 
minimal immersion x : T, ^ (possibly with a singular point at a double root of ip) bounded 
by {Di, D2, D3) and having helicoidal ends of parameters {A, a), {B,i3) and (C, 7) at 0, 00 and 
1 respectively. 

Proof. It suffices to prove that system has at least one real solution. We set 



p{y) = + «V, 



q{y) = \/^^ + /5V, 



and we define eight functions 

F±±±{y) = ±p{y) ± q{y) ± r{y) - y 

for real numbers y such that these expressions are defined. Then system (|25|) has a real solution 
if and only if at least one of the eight equations F±±±{y) = has a solution ?/ G M. When 
y +00, we have F±±±{y) ~ (±a ± /3 ± 7 — l)y. When y —00, we have F±±±{y) ~ 
l^aT (^Tl -l)y- 

We first deal with the case where eAa, eB(3 and £6*7 are all positive. Then the functions 
F±±± are defined on the whole R. Moreover we have a + — 7 — 1<0 and —a — /3 + 7 — 1 <0 
because (q;,/5, 7) G /C. Thus by the intermediate value theorem equation F++_(?/) = has a 
solution ?/ G M. 

We now deal with the case where at least one of the numbers eAa, eB(3 and 56*7 is negative 
(for example eB(3). We can assume that ^ ^ ^ and ^ ^ Then the functions -F±,±,± 
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are defined for \y\ ^ yo where yo = y We have F_|_++(?/o) = -^+-+(2/0)? a + /3 + 7 — 1>0 
and a — P + '-y — 1<0 (because (a, P, 7) G /C). Thus by the intermediate value theorem there 
exists ?/ G M such that = or F^^^{y) = (depending on the sign of F+++(?/o))- D 

Remark 35. Ifa,P,'-)' G (0,1), t/ien t(;e have e = Eq. 

3.5. The differential equation satisfied by Ki and K2. This section contains technical 
results that will be used to construct trinoids in hyperbolic space (section 0}. We assume here 
that the numbers p, q and r defined in lemma 1221 satisfy system (j^^ . and that they are real. 

Lemma 36. Set Qdz"^ = S^h — S^C where h = ^ and ({z) = y9(r)dr. Then Ki and K2 are 
solutions on S of the following differential equation: 

(26) K" - ^K' + -K = 0. 

2 

Proof. We know that Ki and K2 satisfy with F = eip (because (p, g, r) is a solution of 
(j23)). Then the proof is the same as that of equation (|7j) in lemma IT71 □ 

Lemma 37. The function B extends to a meromorphic function on C. Moreover we have 

^ $ A 2ip" 
6 = \ h ^— 

z'^{z — 1)2 z{z — l)ip if 

with $ as in ^ and wheer A is an affine function. 

Proof. By propositionl^there exist A, yU G C* such that the functions ki = X~^Ki and ^2 = 
define a minimal immersion bounded by some {Di, D2, -D3) G T>, with possibly a singular point 
if ip has a double root). Then the Gauss map of this immersion is g = Xfih, so Szh = Szg. 
Thus G extends to a meromorphic function on C by Schwarz reflection, and the expression of 
follows from lemma ITHl (this remains true in the case where ip has a double root, since the 
order of the pole of Szh at the root of ip is at most 2). □ 

Lemma 38. We have 

A(0) =eip + q + r)((72 - p^){2p + q + r) + (l - a^){q - r)), 

A(l) =e{p + q + r)((a2 - p^)(^p^q^ 2r) + (1 - 7^)(g - p)), 

A(l) - A(0) =e{p + q + r){{a^ - ^^){p + 2g + r) + (1 - p^){r - p)). 
Proof. We recall that in the neighbourhood of we have 

Kj = z^{\-z)^ {{a + hz)wf + cz{\ - z){wf )'^ 
for j = 1,2, with wf^ as in section 1X51 We have 

+ ac+ (6 - etc + "^'f+a + (1 + ")c)) ^ + 0( 



/i(z) = 2° 



+ (&+ "r- («+^))^+Q' 



^2) 
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The coefficient of the order —1 term in 9 at is s_i = ^-^^ where h{z) = z"{ho + hiz+0{z'^)). 
We compute that 

1 



S-l 



- + 7' - + g + r)2 + ^ 5^2 _ 5^2 ^ 
+ (2a2 + 2/32 - 27^ - 2)g2 + (-2a2 + 2/5^ - 27^ + 2y 
+2{a^ + 3/?^ - 37^ - l)pq + 2{-a^ + 3/5^ - 37^ + l)pr 
+4(/52-f)gr). 

Using that — Q;^(p + g + r)^ = we get that 

(-(«^-/?^ + 7^-l)^^ + 4(/?^-7V 

+ (2a^ + 2/32 - 27^ - 2)g2 + (-20^ + 2/3^ - 27^ + 2y 

+2{a^ + 3/?2 - 37^ - l)pq + 2(-a2 + 3/3^ - 37^ + l)pr 



On the other hand we have s_i = + $'(0) +2<l>(0), so using the fact that $'(0) +2<l>(0) = 

i-a^+/3^-7^ ^(Q^ = If we conclude that 

A(0) =e{p + q + r)((72 - /5^)(2p + g + r) + (1 - a2)(g - r)). 
In the neighbourhood of 1 we have 

Kj = z^{l -z)^ (^{a + bz)wf + cz{l - z){wf)'^ 

for j = 1,2, with w"^^ as in section ESI In the same way we compute that 

A(l) = e(p + g + r)((a2 - + g + 2r) + (1 - 7^)(g - p)), 
and we deduce the expression of A(l) — A(0). □ 

4. Application to trinoids in hyperbolic space 

4.1. The cousin relation. We recall a few facts about the cousin relation between minimal 
surfaces in and Bryant surfaces, i.e. constant mean curvature one (CMC-1) surfaces in 
hyperbolic space H^. The asymptotic boundary of will be denoted by d^J^ ■ 

Let 5 be a simply connected Riemann surface. If a; : 5 — > M'^ is a conformal minimal 
immersion, I and II its ffist and second fundamental forms, then there exists a conformal 
CMC-1 immersion x : 5 ^ whose ffist and second fundamental forms are 

i = I, fi = II + 1, 

and conversely. The immersions x and x are said to be cousin immersions. They are unique up 
to isometrics of and respectively. 

Bryant proved in |Bry87| that if x is such an immersion (with S non necessarily simply 
connected), then there exists a holomorphic immersion F : S —>■ SL2(C) where S is the universal 
cover of S such that x = FF* and det(F~^dF) = 0, where the model of hyperbolic space is 

If = {M e M2iC)\M* = M,trM > 0,detM = 1}. 
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Moreover we have 

where {^9^iS) are the Weierstrass data of the cousin immersion x (see also j|U Y93j ). The map F 
is called the Bryant representation of x. 

The geodesic lines of curvature of x correspond to the geodesic lines of curvature of x, and 
they lie in planes that are orthogonal to the surface. The Schwarz reflexion principle for geodesic 
lines of curvature also holds for Bryant surfaces. Thus a planar symmetry of x correspond to 
a planar symmetry of x. These facts are explained in details in |Kar01j and |SET01j . 

The cousin immersion of the conjugate immersion of x will be called the conjugate cousin 
immersion of x and it will be denoted by x° . Thus the Weierstrass data of x° are ((yf°,Ci;°) = 
{g^iuS). Moreover, straight lines of x correspond to geodesic lines of curvature of x° (hence 
lying in hyperbolic planes), and symmetries of x with respect to a straight line correspond to 
symmetries of x° with respect to a hyperbolic plane. 

4.2. Trinoids. Sa Earp and Toubiana proved in jSETOlj that an embedded end of finite total 
curvature is either asymptotic to the end of a rotational catenoid cousin (in which case it is 
called a catenoidal end) or to a horosphere (in which case it is called a horospherical end) . The 
catenoidal ends are the embedded type I ends in the sense of |U Y93j : they are asymptotically 
rotational surfaces (see |Dan02p . 

Definition 39. A Bryant surface is called a trinoid if it has genus zero and three catenoidal 
ends. 

Consequently, a trinoid is given by a conformal CMC-1 immersion defined on C\ {0, 1}. The 
three ends correspond to 0, 1 and oo. 

The definitions of a catenoidal end and of a trinoid in jBPS02j are slightly different from 
ours. However it turns out that the definitions of trinoids are equivalent. 

In |CHR01j , Colhn, Hauswirth and Rosenberg proved many results about properly embedded 
Bryant surfaces: a properly embedded Bryant surface of genus with 1 end (respectively 2 ends, 
3 ends) is a horosphere (respectively an embedded catenoid cousin, an embedded trinoid). 

The aim of this section is to construct trinoids by the method of the conjugate cousin im- 
mersion. We first prove the following proposition, which is a reformulation of lemma 2.4 in 
|SET01j and which will be useful in the sequel. 

Proposition 40. Let O he a neighbourhood of0inC,O* = O\ {0} and O* be the universal 
cover of O* . Let /i G M* and let x : O* ^ M.^ be a conformal CMC-1 immersion whose 
Weierstrass data {g, u) satisfy 

g{z) ~ gozf", u ~ u^z'^'^'dz 

when z — * with go,i^o ^ C*. Let Q be its Hopf differential. 

Then x is an embedding of a punctured neighbourhood of in O* if and only if the 2-form 
Sz9 — 2Q is holomorphic at 0. 

Proof. We set 

g{z) = z^(^o + 9iz + 0{z^)), u = z-^-f'iuo + uj,z + 0{z^))dz. 

Then we have 

Q = z-\q^2 + q-iz + 0{l))dz^, S,g = z-\s^2 + S-iZ + 0{l))dz^ 
with q_2 = l^uJo9o, Q-i = l^'^i9o + (1 + lj)^o9i, ■S-2 = s_i = ^^f - 
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We first assume that /i > 0. Then, according to lemma 2.4 in |SETnij . x is an embedding of 
a punctured neighbourhood of in O* if and only if 

(27) gQUJo = — , [1+ n)— = 2nuJigo + 2{l + upogi- 

All ujQ 

The first condition in ipTj) is equivalent to s_2 = 2g_2 (this means that — has at most 
a pole of order 1 at 0). If this condition is satisfied, then since — = ^ -\- ttR9i_ ^^le second 

condition in ^Tj\ is equivalent to (1 + /i) — if^) = 2g_i, and thus to s_i = 2g_i, which 
completes the proof in the case where yU > 0. 

We now deal with the case where /x < 0. The data {g^^, ~9^^) define the same CMC-1 immer- 
sion as {g,uj) (see for example |UY93p . and we have g^^{z) ~ g^^z'^, —g'^to ~ —gQUjQZ~^~^^dz, 
and S^g — 2Q is unchanged, so it suffices to apply the previous case with — instead of fi. □ 

Remark 41. Umehara and Yamada proved in |UY93j that S^G = Szg — 2Q where G is the 
hyperbolic Gauss map of the immersion x. 

Let {Di,D2,Ds) G V, {ao^^yo, /3o, -A, -G, -B, eq) = L{Di, D2, D^,) (see section EH}, a e 
ao + 2Z,, (3 & jSf) + 2Z, 7 G 70 + 2Z. Let a; : S ^ be a minimal immersion bounded by 
[Di, D2, D^) or its dual configuration, and having helicoidal ends of parameters {A, a), {B,f3) 
and (C, 7) at 0, 1 and 00 respectively, corresponding to a solution (p, q, r) of where e = ±1. 
Let {g,uj) be its Weierstrass data and Q = udg its Hopf differential. 

Then the conjugate cousin immersion x° : S — H'^ maps (— oo,0), (0,1) and (l,oo) onto 
three geodesic lines of curvature £1, £2 and £3 belonging to three hyperbolic planes Vi, V2 
and V^. 

Proposition 42. If ^ > ^ > ^ O'^d ^ > then the asymptotic boundary of each end 
of x° consists of one point. 

Proof. It suffices to prove that the asymptotic boundary of the end at consists of one point. 
The Hopf differential Q° = ui°dg° satisfies Q° ~ q-2Z~'^dz at with g_2 = We proceeding 

as in the proof of lemma 2.4 in jSETOlj : since the indicial equations + ar — g_2 and 
v"^ — av — g_2 have a positive discriminant A = -|-4g_2 (because of the hypothesis), we prove 

(z''' A (z) z" B (z) 
z (-JxKZ) z L)i{z) 

where r = v = ~^+" and where Ai, Bi, Gi and Di are holomorphic functions in a 

neighbourhood of in {Im^ ^ 0} that do not vanish at 0. Using the identification of with 
the upper half-space model {{yi, y2, ys) G ^^Ivs > 0} described in |SET01j . we get 

1 



\z\ 


^^A,Gi + 


z 




\z 


2t 


Ai 


2 + 


z 


2v 




2 



yi + «2/2 = I ,0^1 , 19 , I I9„l 19 ^ 2/3 



(this is formula (1.2) of |SET01p . Thus we have 1/3 when z ^ (since r or t; is negative), 
and yi + iy2 — > §^ or yi + iy2 — > §^ (depending on the sign of a). This proves the 
assertion. □ 

From now on we assume that ^ > 4^, ^ > ^ and ^ > Thus the lines £1, £2 and 
£3 are pairwise concurrent in c^ooEI^ at the asymptotic boundary points. Applying Schwarz 
reflections with respect to these planes and repeating the process with respect to the new 

planes infinitely many times, we get a conformal CMC-1 immersion x° : C \ {0, 1} — > where 

C \ {0, 1} is the universal cover of C \ {0, 1}. This immersion x° is well-defined on C \ {0, 1} if 
and only if the planes Pi, V2 and V3 are equal. 
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Proposition 43. // immersion x° gives a trinoid by Schwarz reflection, then we have 

Aa _ a'-l B/3 _ 7^ - 1 

^ ^ 271 4 ' 27r 4 ' 27r 4 ' 

Proof. Assume that x° gives a trinoid by Schwarz reflection. Then x° is well-deflned on C\{0, 1}, 
and its ends are embedded. Let Q° be its Hopf differential. We have Q° = iQ. 

Its Weierstrass data satisfy g°{z) = g{z) ~ gQZ°' and uj° = iu ujQZ~^~°'dz when z ^ 0, with 
go,uJo G C*. Then by proposition HOI the form S^g" — 2Q° is holomorphic at 0. In particular the 
order —2 term vanishes, that is + 24^ = 0. 

The other two identities are obtained in the same way for the ends at 00 and 1. □ 

A computation gives the following result. 
Lemma 44. The complex solutions of system 

( p^ -a^{p + q + rf = ^ 

(29) I q2_p2^p^^^^y ^ 0^ 

[ - 72(p + g + r)2 = 

are (-|, |, |), (|, -|, |), (|, |, -|), {U6, V6, W6) and their opposites, where 

U = -3a' + 2(1 + + 72)^2 + + y _ 2(/32 + ^2 ^ ^52^2) ^ 

^ = -3/3^ + 2(1 + + ^2)^2 + + y _ 2(^2 + ^2 ^ ^2^2^ ^ 

W = -37^ + 2(1 + a^ + /3^)-f^ + a' + p'- 2{o? + /^^ + a^/?^) + 1, 

and where 5 is a complex square root of with U defined by / TT^) . 
The complex solutions of system 

p^ -a^{p + q + rf = ^ 

(30) { g2_^2(p^^^^)2 _ 1^ 



4 

are(|,i -i), (^ i), (-^ ^ i), (if/^, zV"(5, and their opposites 



r"^ — 'y'^{p + q + r)"^ = ^—^ 



Remark 45. These solutions are distinct if and only if l — a"^ — P"^ + 7^ 0, 1 — a^ + Z^^ — 7^ 7^ 
and 1 + _^2 _^2 _^ 

Remark 46. VFe compute that U + V + W is —4 izmes i/ie discriminant of ^. 

Proposition 47. T/ie immersion x° gives a trinoid by Schwarz reflection if and only if 
holds, ip has no double root, and {p, q, r) = ±{U6, V6, W6) in the case where 6 or {p, q, r 
±{iU6,iVS,iW6) in the case where 6 G iM, where U, V, W and 6 are as in lemma 



Proof. We have 



$ + 2(^ A 2ip" 
S,g -2Q = { — -— + — — + d^; + S^C 

Z'^[Z—1)'' ipz[z — 1) ip 



with ({z) = ip{T)dT, $ as in (jHJ and A as A in lemma EH By proposition 1401 x° gives a 
trinoid if and only if S^g" — Q° is holomorphic at 0, 1 and 00. This holds if and only if $ = —2ip 
{i.e. if fOH|) holds, i.e. if {p,q,r) is a real solution of or (jHUjl ) and A = (we recall that 
^d^^ + S2C is holomorphic at 00). 

By lemma EH we have A = if and only if]9 + g + r = 0or 

{-f^ - (3^){2p + q + r) + {1 - a^){q - r) = 
(a^ - P^)ip + q + 2r) + {l--f^){q-p) = 0. 



(31) 
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We notice that (f/, V, W) ^ (0, 0, 0) (since {U5, V5, W6) is solution oi Thus the set of 

the solutions of is the complex line C(f/, V, W). Hence the only solutions of that are 
also solutions of or (jHOJ are {U6,V6,W6), {iU6,iVd,iW6) and their opposites. 

There is a solution (p, q, r) of or (jHUj) satisfying p+q + r = if and only if U + V + W = 0, 
i.e. if and only if ip has a double real root ai (by remark EUl and since $ = —2(f). In this case 
these solutions are again {U6,V6,W6), {iU6,iVS,iW6) and their opposites. 

Hence, in the case where ip has a double root ai, the solutions {p, q, r) satisfy p + q + r = 0, 
which implies A = by lemma EH Thus the exponents of equation (|7j) at ai are 1 and 2. This 
implies that the spinors ki and k2 associated to x both vanish at Oi, and so x and x° do have 
a singular point at Oi. 

Moreover, the numbers p, q and r are required to be real, so the proof is complete. □ 

Remark 48. In the case where if has a double root, the result still holds except that the im- 
mersion giving the trinoid has a singularity at the root of ip. 

Theorem 49. Let /io, /^i and fioo be three positive non-integer real numbers. Assume that 

(32) (|[/io]|,|N|,|[/Xoo]|)G/C, 

where [r] denotes the unique number in (—1, 1] such that r — [r] G 2Z (the set /C is defined in 
proposition^^, and that 

(33) ^il + ^x\ + ^il- 2/i2/i2 _ 2^il^il - 2f,lf,l + 2/i2 + 2fil + 2/.^ - 3 ^ 0. 

Then there exists a trinoid T^q-mi-moo whose ends are of growths 1 — fiQ, 1 — /ii and 1 — fi^o and 
having a symmetry plane. 

The ends ofT^^-^ ^j_^^^ have distinct asymptotic boundary points if and only /^q— 7^ 

0, 1 — /iQ + /i^ — /i^ 7^ and 1 + jj^ — — ^ . More precisely, the ends of growths 1 — /io and 
1 — /ii (respectively 1 — yUo and 1 — /loo, 1 — /^i and 1 — iioo) have distinct asymptotic boundary 
points if and only /Iq— ^ (respectively 1 — /io+/ii — /i^ 7^ 0, H-/io~/^i~/^L 7^ Oy'- 
/n particular the three ends cannot have the same asymptotic boundary point. 

Proof. We set a = /io if /^o ^ l[/^o]| + 2Z and a = — /io if — /io G |[/io]| + 2Z (in order to 
be compatible with the conventions of section IT^ . In the same way we set (3 = ±/ioo and 
7 = ±/ii. Let Eq G {1,-1}. By proposition IHl there exists a triple {Di, D2, D^) such that 

L(A,A,/^3) = (|[/io]|,|[/ii]|,IWI,-A-C,-i?,5o) with t = f = g = 

Then by fl33j) the corresponding ^9 has no double root, and so by proposition ITfl there exists 
a minimal immersion x : S — > M'^ bounded by {Di, D2, D3) or its dual configuration whose 
conjugate cousin x° gives a trinoid by Schwarz reflection ; moreover the growths of the ends of 
this trinoid are 1 — /io, 1 — /ii and 1 — /ioo respectively (it suffices to consider the coefficient of 
the order —2 term of Q° at each end). This proves the existence of the trinoid TfMQ,^^,^^ (it has 
a symmetry plane by construction). 

Up to an isometry of H'^, the hyperbolic Gauss map of x° is G°{z) = z + 2(2"'!,) where 

ai and 02 are the roots of (p (see |RUY01j . example 4.4; we notice that S^G" = S^C + ^dz^). 
Moreover, the limit of the hyperbolic Gauss map at a catenoidal end is the asymptotic boundary 
point of the end (see [SETOl] ). Thus, to compare the asymptotic boundary points of the ends, 
it suffices to compare G°(0), G°{1) and ^"(oo). 

We have G°(0) = ^"(l) = 1 + ^(a-'aT-U ^°(^) = '^^^^ ^^^^ '^°(0) = 

G°{1) if and only if ai + 02 = 2aia2, i.e. 1 — /ig — /ii + /i^ = 0; we have G°(0) = G°{oo) if and 
only if ai + a2 = 0, i.e. 1 — + — = ; we have G°{1) = G°(oo) if and only if ai + a2 = 2, 

1. e. 1 + /ig — /ii — /i^ = 0. This also implies that we never have G°(0) = G°(l) = G°(oo). □ 
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Remark 50. // / T^) holds but ( T^) does not hold, then there exists a "trinoid" ^o,/ii,Aicx> '"^^^^ 
one singular point. 

Corollary 51. // (/io, yUi, /ioo) £ ^ (ind fiQ, fii, fi^o € (0,1) (i.e. if the growths are positive), 
then the trinoid T^^^p,^^^^ exists and its ends have distinct asymptotic boundary points. 

Proof. In this case we have Hj = \ [^j] | for j = 0, 1, oo, and so (/io, /ii, /ioo) £ A^- This implies that 
Hoo > l-/io-Aii and fi^o > -1 + Ato + Aii, and so 1 -/ig -/i^ > l-;U^-/i^ + (l-/io-/ii)^ = 
2(1 — /io)(l — /ii) > 0. In the same way we have 1 — /Zq + 7^ and 1 + /iQ — /x^ 7^ 0- 

Thus the asymptotic boundary points of the ends are distinct. 

Set ci(/io, yUi, /ioo) = /io + /"t + - 2/io/^? - 2/ig/x^ - 2/i2/i^ + 2^1^ + 2/2? + 2/i^ - 3. The 
derivative of d with respect to /i^ is equal to 2(/i^ — /ig — /if + 1), which was proven to be 
positive. Without loss of generality we can assume that /io ^ /ii- We have /ioo < 1 — /^o + /^i, 
and so (i(/io, /ii, /ioo) < d{no, fii, 1 - /io + /ii) = 8(/ii + l)(/io - l)(/io - /ii) ^ 0. Thus dHHI) is 
satisfied, and the trinoid has no singularity. □ 

Irreducible trinoids are classified by theorem 2.6 of |UY00j . They correspond to trinoids with 
non-integer growth ends. Theorem 2.6 of |UY00j states that there exists a trinoid 'T^o.a'i.moo 
(without assuming that it has a symmetry plane) if and only if (jHHj) holds and 

(34) cos^(7r/io) + cos^(7r/ii) + cos^(7r/ioo) + 2 cos(7r/io) cos(7r/ii) cos(7r/ioo) < 1, 

and in this case this trinoid is unique (in this theorem, the (3j {j = 1,2,3) correspond to our 

/ij — 1 (j = 0, 1, oo), the Cj to our — g-^)- Irreducible trinoids are also classified in |BPS02j : it 
is also proved that (jMj) is equivalent to (jH^ (in |BPS02j the Aj (j = 1, 2, 3) correspond to our 
(j = 0, 1, oo)). Pictures of trinoids can be found in |HPSn2j (see also |HlJYni| . example 

4.4). 

Proposition 52. // the asymptotic boundary points of the ends of x° are distinct and \2(^] 
holds then x° gives a trinoid by Schwarz reflection. 

Proof. For j = 1, 2, 3, the oriented curve Cj and the mean curvature vector of x° on Cj induce 
an orientation of the plane Vj. Denote by po, pi and poo the asymptotic boundaries of the ends 
of x° at 0, 1 and oo respectively. Then Ci goes from p^o to po, C2 goes from po to pi, and 
£3 goes from pi to poo- Denote by Qi, Q2 and Q3 the asymptotic boundaries of Pi, V2 and 
V3. These are great circles in C. They are given the orientation induced by Pi, P2 and P3 
respectively. We have Po £ Qi ^ Q25 Pi ^ <52 H Qs and Poo G QsHQi. Moreover, the circles are 
pairwise tangent at these points, and their orientations at these points are compatible (since 
the boundary lines have turned of an angle vr at each end, because of ((211) )• Since po. Pi and poo 
are distinct, this is not possible unless the three circles are equal (see figure |H1). Consequently, 
the planes Pi, P2 and P3 are equal, and doing the Schwarz reflection of x° with respect to this 
plane gives a trinoid. □ 

We now describe what the immersion x° looks like in the case where {p,q,r) = (|, |, — |), 
(p, g, r) = (|, — |, i) or (p, g, r) = (— i, i, |). We first notice that {iU6, iV6, iW6) = (|, |, — i), 
{iUS,iV5,iWS) = (|,-|,|) and {iUS,iV5,iW5) = (-|,|,|) if and only if l-a"^ - + = 0, 
1 — + — 7^ = and 1 + — — 7^ = respectively. Henceforth we assume that none 
of these conditions are satisfied. 

If (p,g,r) = (|,i,-i), then by lemma EHl we have A(0) ^ 0, A(l) = and A(l) - A(0) ^ 0, 
so Szg° — 2Q° has poles of order 1 at and 00 and is holomorphic at 1. This means that the 
end at 1 is embedded, but the ends at and 00 are not: the planes P2 and P3 are identical, and 
the plane Pi is tangent at infinity to P2 but different. Applying Schwarz reflection infinitely 
many times, we get a surface that is invariant by the parabolic isometry generated by the 
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Poo 




Po 



Figure 8. The asymptotic boundaries of the boundary planes; there is no ori- 
entation of Qi compatible with those of Q2 and Q3. 

reflections with respect to Vi and V2- The ends at and 00 are not annular ends since x° is 
not single- valued at and 00. 

If (p, g, r) = (i, -|, |), then we have A(0) 7^ 0, A(l) ^ and A(l) - A(0) = 0, so similarly 
the end at 00 is embedded and the ends at and 1 are not (and they are not annular ends). 

If (p, g, r) = (-i, i, i), then we have A(0) = 0, A(l) ^ and A(l) - A(0) ^ 0, so the end at 
is embedded and the ends at 1 and 00 are not (and they are not annular ends). 

Then by propostion|S21the asymptotic boundary points of these immersions are not pairwise 
distinct (otherwise these immersions would give trinoids by Schwarz reflection). 
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